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Abstract

Our aim is to set the foundations of a discrete vectorial calculus on uniform n-dimensional
grids, that can be easily re-formulated on general irregular grids. As the key tool we first
introduce the notion of tangent space to any grid node. Then we define the concepts of vector
field, field of matrices and inner products on the space of grid functions and on the space of
vector fields, mimicking the continuous setting. This allows us to obtain the discrete analogous
of the basic first order differential operators, gradient and divergence, whose composition define
the fundamental second order difference operator. As an application, we show that all difference
schemes, with constant coefficients, for first and second order differential operators with constant
coefficients can be seen as difference operators of the form —div (AVu)+ (b, Vu) +q u for suitable
choices of ¢, b and A. In addition, we characterize special properties of the difference scheme,
such as consistency, symmetry and positivity in terms of ¢, b and A.

1 Introduction

We develop here a discrete vectorial calculus on grids of the Euclidean n-dimensional space to
obtain the difference operators that are the discrete analogous of second order complete differential
operators with constant coefficients. So, our work would be considered in the framework of mimetic
discretizations and hence parallels to those developed by Samarski’s school, i.e., the method of
support-operators or mimetic difference schemes, [7, 8, 9, 11]. As they, we construct the operational
calculus from a basic operator, the gradient in our case. But unlike them, we define a priori the
concept of tangent space to a grid node. Once both notions have been introduced, the concepts
of vector field, matrix field, and in particular the concept of metric tensor, appear in a natural
way. Analogously to the continuous setting, we define the divergence operator as the negative of
the gradient adjoint, with respect to the canonical inner products. So, by composing the gradient
operator with a field of matrices and also with the divergence, we obtain the fundamental difference
second order operator. This, can be considered as the Laplace-Beltrami operator of the grid when



the field of matrices is a metric tensor. In any case, the expressions of these discrete operators
in the grid nodes are formally equal to that of the difference schemes used to approximate linear
second order differential operators. Conversely, we will prove that any difference scheme can be
seen as a difference operator.

We set our focus on uniform grids, however the concepts and techniques here presented are in
force for arbitrary grids. The simple structure of the underlying space highlights the role played
by the discrete vector and matrix fields. A formulation on general networks was developed by the
authors in [1] which includes the Green formulae and a wide treatment of self-adjoint boundary
value problem.

We principally focus on characterizing structural properties of difference schemes such as sym-
metry or consistency, in terms of the vector and matrix fields. In addition, we will pay special
attention to the schemes of positive type, that lead to linear systems whose coefficient matrix is
a strictly diagonally dominant M-matrix, that is a strictly diagonally dominant matrix with non
positive off diagonal coefficients. These matrices are very suitable to solve systems by iterative
methods (see [3, 6, 12].)

As no initial boundary value problem for a linear differential equation is raised in this work,
we will not tackle the search of conditions that assures the convergence of the solutions of discrete
problems to the solutions of corresponding continuous ones. However, it must be observed that
the mimetic formulations allow to prove discrete conservation laws that imply the stability of the
discretization and hence the convergence, provided that the consistency of the discretization is
ensured. In addition, the supraconvergence results for mimetic discretizations obtained by J.M.
Hyman and S. Steinberg in [10] show the interest of considering also difference schemes with low
consistency order.

Here we will deal with consistent schemes with general second or first order linear differential
operators with constant coefficients in IR™, that is, those of the form

n n
L(u) = — Z kiju(lfil’]‘ + ijuxj + kou,
3,j=1 j=1

n n

where k;ij = kj; € R, 4,5 = 1...n, kj € IR, j = 0,...,n verify that |]€”|+ Z|k‘J| > 0.
ij=1 j=1

Alternatively, if we consider the symmetric matrix K = (k;;) and the vector k = (k1,...,ky,), the

operator L can be rewritten as
L(u) = —div (KVu) + (k, Vu) + kou.

The operator L is selfadjoint iff k = 0 and it is called elliptic or semi-elliptic when K is a definite
or semidefinite matrix, respectively. In this case, we can suppose without loss of generality that K
is positive definite or semidefinite.

If r € Z, we will say that a function «: (0,+00) — IR is of order r if there exists C' > 0 such
that |a(h)| < Ch" for all h small enough. For each r € Z, O(h") denote the vectorial spaces of all



functions of order r. It is clear that O(h") C O(h®) for each s < r and O(R")O(h®) C O(h™*#). If
A: (0,400) — Mgxm(IR), is given by A(h) = (aij(h)), we say that A € O(h") iff a;; € O(h"),
i=1,...k j=1,...,m.

2 Difference schemes

Fix n € N*, for each h > 0 we consider the subset in IR" given by V}, = hZ". The nodes x,y € V},
are called neighbors if their euclidean distance |z — y| equals h, and that will be geometrically

represented by means of the segment that joint them, s;,. The set of neighbors to x will be
denoted by Vj,(x).

We will call n-dimensional uniform grid of size h, I'y, the set V} together with the above
neighborhood relation.

To build difference schemes on the family of grids {I'; }x~0, we will use for each h > 0 and any
x € V}, a stencil or computational molecule, Sy, (z), containing at least the node = and its neighbors,
that is {z}, Vi,(z) C Sp(x). The set Sp(x) \ {x} will be denoted by S} ().

A difference scheme on {T'p}p~0 is an expression of the form

Lh(u)(m) = r)/m?(h)u(x) - Z sz(h)u(y)v z € Vp, 'VIy(h): (Oa +OO) — IR,
yeS), (z)

where u is an arbitrary function on IR", or equivalently,

Lu()(@) = a:(M)u(@) + Y y(h) (ula) —uly)), =€ Vi (1)

yes, (z)

where ¢z (h) = Yzz(h) — Z Yy (H)-
y€S), ()

The difference scheme Ly, is called r-consistent with the differential operator L on {T'p}pso if
there exists » > 0 such that L(u)(x) — Lp(u)(z) = O(h"), € V} for any u smooth enough; see
for instance [12] and [13]. The number r is called order of consistency of the scheme and functions
Yey, Y € Sk(x) are named coefficients of the scheme. For the sake of simplicity in the sequel the
expression r-consistent scheme will mean a difference scheme consistent with the operator L on V},
and we will omit the argument h in the coefficients of the scheme.

In what follows, for all z € V}, we will consider the stencil Sy (x) that contains the node z, its

neighbors and also the neighbors to the neighbors to x, that is, Sp(x) = {z} UVia(z) U Vi(y).
yEVi(z)

Therefore, if {ej}’]?:1 denotes the standard basis of R" and we define e, ; = —e;, 7 =1,...,n,
then for any = € V},, the stencil Sy (z) is formed by z and the following nodes:

zj=x+hej, j=1,...,2n and z;j=ax+h(e+¢e;), 1<i<j<2n, j#n+i



It is clear that Vi (z) = {x;}32, for any x € Vj, and that [Sy(z)| = 2n(n +1) + 1. Figure 1 displays
the bidimensional stencil Sy ().
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Figure 1: Bidimensional stencil

Here we will only deal with schemes with constant coefficients. This means that there exist
functions v;, 7 =0,...,2n and v;;, 1 <7 < j < 2n, j # n +1, such that for all x € V},

Y0 = Yezy Vi = Vewys J = L2000 Vi = Yewy, 1 <1< 7 < 2n, J#n+i
So, the scheme (1) can be rewritten as

L&) = qul) + 3 (a(@) —ulep)) + D vy (@) —ulay)), Vi (2)
j=1

1<i<j<2n
J#ENn+I

2n
whereq:’yo—Z’yj— Z Vij-
j=1 1<i<j<2n

J#EN+I

The scheme Lj, will be called quasi-symmetric if there exists hg such that for all 0 < h < hg
it is satisfied that v;;(h) = Ynyintj(h) for all 1 < i < 5 < n and Yjpti(h) = Vinyj(h) for all
1 <i < j < n. Thescheme Ly, will be called symmetric if it is quasi-symmetric and vj(h) = Yn45(h),
forall j=1,...,n.

The scheme Ly, is called of non megative type if there exists hg such that for all 0 < h < hy,
q(h) >0, 7;(h)>0,j=1...,2n and 7;;(h) > 0 for each 1 < i < j < 2n, j # n+1i. The scheme L,
is called of positive type if it is of non negative type and there exists C' > 0 such that h2vy;(h) > C,
for all 7 =1,...,2n and for h small enough.

Of course Ly, would be consistent if the coefficients of the scheme (2) verified some conditions.
As usual these conditions are obtained by replacing in (2) the values of u at the nodes of the stencil
S} (x) by its Taylor expansion. For this, it will be useful to add to our terminology the functions



Vi = Yijs 1 <1 <5 < 2n, j #n+1. So, for a fixed integer m > 1 and for each x € V}, we obtain

n

m ok
L)) ~ L)) = 6"u(a) + 3 [Z o Dfu(a)
k=1 ""

J=1

k—1
k _ _
o () X nnt | st
I=1 1<i<j<n
where functions ¢°, qﬁ?, forall j =1,...,n and wgf_l, foralll1 <i< j<mn, k=2...,mand
l=1,...,k are given by the following equalities:
qbo = kO - q,
; ks 3)
67 =% = Ytg + 2005 = Yngntg) + 2 (Vg = Vkints + Yynti = Vintg) + 2
B
2 - 2k
¢j =75 + Yn4j + 4(7jj + ”Yn-i—jn-i—j) + Z ("Yij + Yn+intj + Yin+i + '7in+j) - Wv
oy (4)

11 2ki;
ij = Yij T Yntintj = Vinti = Vintj ~ 357

and for each k =3,...,m,

n
O =5 = Ynrg + 2°(Vi5 — Yntgntd) + O (Vig — Wntintg + Vinti — Yintg), k odd

i=1
i (5)
O = + s + 2 (% + Mtgnts) + D (Vg + Yntint + Vinti + Yintg), k even

i=1
i#]

Yij +7n+in+j +’7]n+l +’7in+ja if k= 2’!”, l= 28a s = 1> RN A 17
Vij +’Yn+in+j = Yin+i — YVin+js if k= 2T7 [ =2s— 1) s = 17 cea, T

Ik—1
1/%']' = . (6)
Vij = VYntintj — Vinti + Yintjs if k=2r—1,1=1,...,r -1,

Yij — VYntintj T Vin+i = Yintjs ifk=2r—1,1=r,.. .,2(7“ - 1)'

The function T,,+1(z) depends linearly on the functions h27j and hzfyij, i,7 = 1,...,2n,
|i — j| # n. In addition, when m = 1, function T5(z) also depends on the second order coefficients
of L, {kij}fiszl. Therefore, to study consistency properties related with second order differential
operators we must consider m > 2.



Proposition 2.1 Consider m > 1 and suppose that K = 0 when m = 1. Then, the following
conditions are verified

Ve, vij, €O(®), k=1,....2n, 1<i<j<2n, j#n+i,
¢0€O(hr)v ¢§';€O(hr_k)a k‘:L.,,’m, jzl,...,n,
wgc—zeO(hr—k) k=2,....m, I=1,...,k—1, 1<i<j<n,

where 7 > 0 and s > —(m + 1). Then, the scheme (2) is consistent of order min{r,s +m + 1}.

From equations (3) and (4), if m = 1 necessarily s < —1, whereas if m > 2, necessarily s < —2
when K # 0. Therefore, when K = 0, that is when L is a first order differential operator, to find
consistent schemes of order 1 it suffices to consider m = 1, whereas to find consistent schemes of
higher order it is necessary to choose m > 2. On the other hand, when K # 0, that is when L
is a second order differential operator, to find consistent schemes of order 1 it suffices to consider
m = 2, whereas to find higher order consistent schemes it is necessary to choose m > 3.

3 Difference operators

Our main goal in this section is to develop a difference calculus on the uniform grid of size h, I'.
For that we consider I'y, as a discrete manifold and we proceed by analogy with the continuous
case. The key concept will be the tangent space at a node of the grid.

We will denote by C(V},) the set of real functions defined on Vj, and if F' C Vj, by C(F) the
subset of C(V},) formed by the functions that vanish on Vj \ F. If u € C(V},), the support of u is
the set supp(u) = {z € V} : u(xz) # 0}. Moreover, the set of real functions on V}, whose support is
a finite subset will be denoted by Co(V},).

For any x € V},, we define the tangent space at x as the vectorial space T,(I'y) of the formal
linear combinations of the segments incident with x. Therefore, system {suy}yev; () is a basis
of T,(I'y) and the elements of T,(I'y) are of the form v = Y  wysy,, where v, € IR for each

yEVh(z)
y € V(z). Note that dim T,(T',) = 2n for any = € V},.

A wvector field is an application that assigns to each node a vector of its tangent space. So, if

f is a vector field, then for each x € V3, f(z) = > f(x,y)syy. Therefore, a vector field can be
yEVh(z)
represented by means of its component function, that is, the function f:V; x Vj, — IR such that

for each z € Vj,, f(z,y) =0 if y ¢ Vj(z). We will denote by X (I'j,) the set of vector fields on I'j,.
If f € X(T'),) the support of f is supp(f) = {x € V}, : f(x) # 0}. The set of fields whose support is a
finite subset will be denoted by Xy(I'y,).

If f is a vector field we will say that f is non negative, and it will be represented by f > 0, iff its
component function, f, is non negative. Moreover, we will denote by |f| the non negative vector



field whose component function is |f|. In addition, if f,g € X(I"), the inequality f > g will mean
that f —g > 0.

A vector field f is called a flow if its component function f satisfies that f(z,y) = —f(y,2)

for all z,y € V. If f € X(T'y) we will call the flow determined by f the vector field f whose

component function is given by f(z,y) = %(f(x, y) — f(y, x)) for all z,y € V3, where f stands for

the component function of f. It is clear that if f € Ay(T'y,), then fe Xo(Th).

We will say that the vector field f is homogeneous if there exist a vector b = (b;) € R*"
such that f(z,z;) = b; for all z € V3, j = 1,...,2n. In this case we say that the homogeneous
field f is determined by the vector b. Moreover, |f| is the homogeneous vector field determined by
(|b1], - -, |b2n|) and f is non negative iff b; > 0.

Note that when f is a homogeneous field determined by b € IR?", then f is a flow iff bnij = —bj,
j=1,...,n. In this case we say that f is the homogeneous flow determined by (by,...,b,) € R"™.
Moreover, if f is the homogeneous field determined by b, then f is the homogeneous flow determined
by 6 = (8]) where (;j = % (bj — bn+j), ] = 1,. .o, n.

If f,g € X(T'y) and f, g are their component functions, the expression (f,g) will denote the

function belonging to C(V4) given by (f,g)(z) = > f(z,y)g9(z,y), © € V},. This function allows
YEVh ()
the definition of the inner product on the space Xy(I'},) determined by

3 e = [ @ dn fgenm @

eV h

where factor % is due to the fact that each segment joining adjacent vertices is taken into account
twice. We also consider the standard inner product on Cy(V}) defined by

Z u(z)v(z) = /V u(z)v(z)dr, u,v e Co(Vy). (8)

zeVy,

Both inner products will be the basic tools for the construction of the operational calculus. In ad-
dition, expressions (7) and (8) have also sense when only one of the fields or functions, respectively,
have finite support.

A field of matrices on 'y, is an application A that assigns to each node x € Vj a matrix
A(z) of order dim T, (T',). Therefore, if A is a field of matrices there exist functions a;; € C(V3),
i,7 =1,...,2n, called component functions of A, such that A(z) = (aij(z:)), for each x € V},. We
will say that A is a field of non-singular matrices if for each x € V}, the matrix A(x) is non-singular.
In this case we denote by A~! the field of inverse matrices of A.

We will say that the field of matrices A is diagonal, symmetric or positive definite if for each
x € Vj, the matrix A(x) is diagonal, symmetric or positive definite, respectively. The field A is a
metric tensor if it is a field of symmetric and positive definite matrices. Moreover, if A is a metric
tensor then the basis {szy }yev; (2) of T(T's) is orthogonal for all = € V}, iff A is a diagonal field.

7



We will say that the field of matrices A is isotropic if there exist functions ay,ag,as € C(V},)
such that aj;(z) = a1(2), ajntj(x) = antjj(z) = az(zx), for all j = 1,...,n and a;j(z) = as(x),
otherwise.

We will say that the field of matrices A is homogeneous if its component functions are constant.

It is clear that if A is a field of non-singular matrices, then it is homogeneous or isotropic iff the
same happens to the field A=, Moreover, if A is a metric tensor, then it is non-singular and hence
A1 is also a metric tensor.

If A is the homogeneous field of matrices determined by A, we will denote by da and ra the
homogeneous vector fields determined by the diagonal elements of A and the vector formed by the
row sums of A, respectively. Conversely, if f is the homogeneous vector field determined by f,
then Ds will stand for the homogeneous field of matrices determined by the diagonal matrix whose
diagonal entries are given by f.

In the case we are dealing with the grid has a uniform structure, so we are only interested
in vector and matrix fields that agree with this structure. For this reason, we will only consider
homogeneous vector fields and homogeneous fields of matrices on I'y,. Specifically, from now on
b stands for the homogeneous vector field determined by b, b = (b;) € IR*" and A stands for the
homogeneous field of matrices determined by A, where A = (a;;) is a matrix of order 2n.

To start with the operational calculus we will take the gradient as the basic operator and we
will deduce the rest of operators by means of duality and composition techniques, as it is usual in
the continuous setting.

The gradient operator assigns to each u € C(V},) the vector field Vu determined by the expression
2n
hVu(z) = Z (u(xj) — u(m))smj, x eV, 9)
j=1
where s;,; is the basis for the tangent space at x. Observe that AV is given by an incidence matrix.
Moreover, Vu € Xp(I',) when u € Cp(V},) and Vu is always a flow. In addition, Vu = 0 iff v is a
constant function.

The divergence operator assigns to each f € X'(I'y) the function divf € C(V},) determined by the
relation

1
/ u(w)div f(z) do = — / (f, Vu)(z) de, for cach u € Co(Vi). (10)
‘/h ‘/h
Thus, if f is the component function of f, then
1 2n
divf(z) = 2hz<f(ac,xj)—f($j,x)>, x eV (11)
It is clear that divf(x) Z f x,xz;), for all x € Vj, which implies that divf = divf. Moreover,

divf € Co(V},) when f € Xo(Fh) and the divergence can be formally defined as div = —V* on Xy(I';,),



that is, as the negative of the adjoint operator of the gradient with respect to the inner products
defined on Cy(V},) and Xp(I'y). In addition, identity (10) holds when f € X(I'y) and u € C(V4).

We also consider the operators AV and (b, V) that assign to each function u € C(V},) the vector
field AVu and the function (b, Vu), determined respectively by

AV’U,(I‘) = :Lin: [in: Q5 (U(x]) - U(x))}sxazza US Vha
i2:n1 j=1 (12)
<QVUK@::%§:@(Mxﬂ—wd@>, v € Vi
=1

Of course, AVu € Xy(T'y,) and (b, Vu) € Co(V},) when u € Cy(V},). Moreover, if b is a homogeneous
flow, then

mwmm_ii@@@yw@m»,xew. (13)

The difference operators, V, div, AV and (b, V), are all first order difference operators, in the
sense that for each u € C(V},) or f € X(I'y) and for each = € Vj,, Vu(x), AVu(z), (b, Vu)(z) and
div f(z) only take into account the values of u or f at the node = and at nodes in Vj,(x). In the same
way, a (difference) operator on C(V},) or X(I',) will be called a second order difference operators if
for each = € V}, the values of the image function or of the image field only depend on the nodes
of the stencil Sy (). Of course, the composition of two first order difference operators produces a
second order difference operator.

Our next objective is to present the fundamental second order difference operator on I'y,. Specif-
ically, we deal with the operator div(AVu). Observe that when A is a metric tensor then operators
AV and div (AV) can be considered respectively as the gradient and the Laplace-Beltrami operators,
with respect to the metric tensor A~1.



Proposition 3.1 If u € C(V}) then for each x € Vj,
1

n 2n
—div (AVu)(x) = o2 Z (Z(ai]’ + CLn+ji)> (u(m) - u(:EJ))
j=1 i2:1
1 n
n " ]Zl (Zzl(aji + amﬂ)) (u(x) u(xn+]))
- 27 > sy (u(2) — ules)) - o 2 gy (u(r) = u(wnijess)
j= =
— 2722 Z (antij + an+ji) (u(az) - “(%JD
1<i<j<n
2722 Z (ain+j + ajn+i) (u(,l‘) — U($n+in+j)>
1<i<j<n
2 350+ awrgns) (ul0) o)
&

Proof. If f denotes the component function of AVu, then for each x € V3,

12n

div (AVu)(z) = o Z (f(a:,a:z) — f(xz,x))
=1

2n
When i = 1,...,2n, then f(z,z;) = %Z aij (u(xj) — u(m)) and therefore
j=1
2n 1 2n 2n
Z f($a -Tz) = E ( az]) (u(x]) - u(m)>
i=1 j=1 =1

On the other hand, if i = 1,...,n then
i—1

.

f(zi,x) = % > [anﬂ'j (U(ﬂfﬂ) - u(fﬁi)) + Qntintj (U(%nﬂ') - U(l‘i)”
j=1
+ %[an—&-u (u(%Z) - u(%)) + Qntinti (u(x) - u(xz))}
111]_27; [an—m (“ xw ) + an+zn+y( (ﬂfin—i-j) - U(xz))]
2n
= (2 o) ()~ ) + i (wt) — i)
1 i—1 n
hFlanw( Tji) — U(Sﬂ)) + hj:;rl An+ij (U(fb’ij) - U($))
i—1 n
%Z an+m+y( (Tin+s) — U(w)) + % Z Antintj (“(xinﬂ') - U(w))
j=1 j=i+1

10



and

+

+

(Z aij) (@) = w(@nss)) + %+ (Uznsints) —u(@))

(
it (Wnssnsd) = w@) + 3 3 ains (wrnsing) - u(z)

T
>
j=1 j=i+1
i—1
>

+
S Sl B ol s ol s ol

+

11



Therefore

2n
Z f(x’u x
i=1

n n 2n
- % g (Z a"ﬂJ) ( - u(xl)) + % ; (; aij) (U(CE) — u(anrZ))
+ ;LG: An+ii (u(xu) - u(x)) + % z”: Qin+i (u(xnﬂ-nﬂ-) — u(x))
i=1 i=1
+r 12 ansiy (wlai) — (@) + 3 Z+ (u(rij) — u(x))
+ % 1§j2<;§n Qintj (“(mnﬂ‘nﬂ‘) - U(w)) + % 19%:571 Aintj (u($n+m+j) - u(m))
+ % Z (ntindj (“(Wnﬂ') - U(@) + 1 Z Ontintj (u(xmﬂ') - U(x))
I<j<isn 1<i<j<n
. 5 o (uae) —ute) + ! PIRNCEELT)
n n 2n
- > (Z ) (1) — ula)) + - 3 (S50 () )
+ % zn: An-+jj (u(xjj) - U(I)) - % Enj aﬂnﬂ( W(Zntjntj) — U(CU))
Jj=1 j=1
+ % 1§i<zj§n<an+ij + anyji) (U(xij) — u(:c))
T ;lgiqgn(amﬂ + @jnti) (u($n+in+j) - U(x))
+ % (@ij + Antjnti) (U(%'n-m‘) — u(g;))
1<i<j<n
+ }1ll<i<j<n(aji + Antintj) (U(xmﬂ‘) - U(x))- 1

From the expression of div(AVu) given in the above proposition we conclude that in general it is
a second order difference operator on C(V},). However, in some cases div (AVu) also can be a first

order difference operator on C(V},).

conditions in order for div(AVu) to be a first order difference operator.

Corollary 3.2 Consider A = (@i;) the 2n-order matriz defined by

Gij = Onjnti = 5 (@ijtantjnti), nij = 3 (Antijt+antji), Gintj = 5

2

(ain+j+ajn+i)7 Za.] = 17 R

In the following result we show the necessary and sufficient

n

and A the homogeneous field of matrices determined by it. Then for each u € C(V},) it is verified

that

—div (AVu) =

12

—div (/&Vu) In particular, —div (AVu) is a first order difference operator zﬁ;‘\\



is a diagonal field of matrices. Moreover A is symmetric when A is a symmetric field and A is a
metric tensor if, in addition, A is a metric tensor.

Proof. Let Lj(u) = —div(AVu). Then, from the above proposition for each xz € V}, we get that

£ = 1 3 (e ) () — ) + mi(zwﬂswﬂmmn

j=1 Vi=1
1 & N
~ 573 2 Gnj (u(z) = ula;)) - Thg Z Gt (@) = WTnijnss))
=1 =1
1 R 1 R
-~ i (u(@) —u(wig)) =55 D Ainei (@)~ wl(@npins))
1<i<j<n 1<i<j<n
1 n
— 5z 2 i (ule) —ul(jne))
and therefore Ly (u)(z) = —div (AVu)(x), tacking into account that Gin4; = Gjnti and Gp4ij = Anji

for1<4,57 <n.

From the last expression we easily conclude that £, (u) is a first order operator iff Ais a diagonal
matrix. On the other hand, Ais a symmetric matrix iff @;; = @p4inyj and @445 = @iy for all
1,7 = 1,...,n and these identities are verified when A is a symmetric matrix, that is when A is
a symmetric field. In this case, if for z,y € IR"™ we consider z = (z,y)! and w = (y, ), then we
have that z{ Az = % (2! Az + w' Aw). Therefore if ) is the lowest eigenvalue of A the above identity
implies that z!Az > X |z|2, where |z| is the euclidean length of z. B

We will deal with homogeneous discrete operators of the form
Ly (u) = —div (AVu) + (b, Vu) + qu,

where ¢ € IR, b is the homogeneous vector field determined by b = (b;) € IR*" and A is the
homogeneous field of matrices determined by A. Moreover, from above corollary we can suppose
without loss of generality that the coefficients of A verify the identities antin+j = aji, QGintj = Ajnti
and ayyi; = anqj; for all 4,5 = 1,...,n. Thus, in the sequel we assume these equalities and hence,
for each u € C(V4,) the values of function £y (u) on V3, are given by

£ul ;z by) (ule) — u ),ﬂz ~ busy) (u(e) — ulns;)

T 952 4 z": Antjj ( (i ) hg Z Ajnt5 U ( U($n+jn+j))
! 14
— % Z anﬂj( u(xlj)> - % 1 Z Qin+j (u(:r) - u(xn+in+j)) (14)
<i<j <i<j<n
hi Zn:: zJ( - U(%ﬂﬂ))
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2n
where r; = Y~ aji, 7 =1,...,2n are the components of the homogeneous field ra.
i=1

Up to now we have built a basic difference calculus on I'y, for fixed h > 0. Of course, if a;j,
t,j=1,...,2n, b;, 7 = 1,...,2n and ¢ are functions of h, the above vectorial discrete calculus is
in force for each h > 0. So, in the sequel we suppose that ¢: (0,00) — IR, the homogeneous flow
b is determined by b = (b;), with b;: (0,+00) — IR, j = 1,...,2n, and the homogeneous field of
matrices A is determined by A = (a;;) with a;: (0, +00) — R, 4,5 =1,...,2n.

We say that A is a field of Z-matrices, Z-field in short, if there exists hg > 0 such that for all
0<h<hg, ajj(h) <0,i,5=1,...,2n, i# j. We say that A is a diagonally dominant field of M-
matrices, d.d. M-field in short, if it is a Z-field and there exists hg > 0 such that for all 0 < h < hy,
ri(h) >0, 7 =1,...,2n. We say that A is a strictly diagonally dominant field of M-matrices,
s.d.d. M-field in short if A is a d.d. M-field and there exists C' > 0 such that r;(h) > C, for all
j=1,...,2n and for h small enough. It is clear that if A is a Z-field, a d.d. M-field or a s.d.d.
M-field, then A(h) is a Z-matrix, a d.d. M-matrix or a s.d.d M-matrix respectively.

Comparing identity (14) with identity (2), we see that the difference operator £y (u) is formally a
difference scheme with constant coefficients. Our next goal is to prove that these discrete operators
describe all difference schemes with constant coefficients.

Proposition 3.3 If Ly is a difference scheme with constant coefficients then there exist a function
q, homogeneous fields of matrices A and homogeneous vector fields b such that

Ly(u) = —div (AVu) + (b, Vu) + qu.

Moreover, b can be chosen as a flow in which case A and b are uniquely determined.

Proof. Suppose that the scheme Lj is given by

Ly(u)(z) = qu(z) + in:vj (u(a:) — u(xj)) + Z Yij (u(m) — u(xij)), x eV
j=1

1<i<j<2on
J#En+i

and consider the difference operator Ly, (u) = —div (AVu)+ (b, Vu)+qu where b is the homogeneous
vector field determined by b = (b;) € IR*" and A is the homogeneous field of matrices determined
by A. From identity (14), we have that £y (u) = Lp(u) for all u € C(V4,) iff

_ 2 _ 2 _ 2 _ 2
aij = =" Vnyij,  Gji = —h™Yinyj,  Gingj = =P ngingg, Aoy = —hv, (15)

foralll1 <i< j<mnand

2n 2n
Ujntj = =20V jntss Anij = —20°%j5, Y aniji—hbj = by, Y aji—hbnij = h*yny; (16)

i=1 =1
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for all j = 1,...,n. This implies that all off diagonal coefficients of A are uniquely determined from
the coefficients of the scheme Lj. Moreover, if for each j = 1,...,n we define b; = %(bj + bnyj)

and l;j = % (bj — bpj), then b; = l;j + i)j, bnyj =bj — l;j and the above identities imply that

n
ajj — hbj = hb; + h? (%’ + 2755 + Z(%‘j + ’YnJrij)), j=1,...,n,
oy
R - n
ajj + hbj = hb; + h? (%Jrj + 2Vnjnts + O (Vints + 7n+m+j)>a Jj=1...,n
=1
i#j

Solving this system we obtain that

- h? " ,
ajj = hbj+= (7j+7n+j +2(75 +’7n+jn+j)+2(%'j‘|"7n+ij+%'n+j +%+m+j)), j=1...,n (17)
=
and

. h n

bj=-3 (%’ — Yntj + 2% = Yntgnti) T 2 (Vij + Yntis — Vintj — %+m+j)>, j=1,...,n. (18)
i=1
i#]

In addition, b is a flow iff b, ; = —b;, for all j =1,...,n, that is, iff l;j =0,5=1,...,n, in which
case the above equations determine uniquely both the diagonal coefficients of A and the coefficients
of b. 1

4 Symmetry, positivity and consistency

Thought this section we consider the difference operator L;(u) = —div(AVu) + (b, Vu) + qu,
where b is the homogeneous flow determined by b = (b;) and A is the homogeneous field of matrices
determined by A = (a;;), whose coefficients verify the identities antintj = aji, Ginyj = jnts and
Qn+tij = Aniji for all i,j = 1, ceeyn.

Our objective is to consider Ly as a difference scheme and then to analyze properties such as
symmetry, positivity and consistency in terms of b and A. For this we will keep the notations
of Proposition 3.3 which shows the relation between the homogeneous fields A and b, and the
coefficients of the scheme. Specifically, from identities (15), (16) and (17) we have that
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[ —h2a11  Ynt12 0 Vatin 2Vntindl Ynddnd2 o0 Yntlon |
Yn+421 —h_2022 e Tn+2n Ynt2n+1  2Yn+2n42 Tn+22n
. 2 Y2n1 Y2n2 T _h_zann Yonn+1 Y2nn+2 te 2Y9n2n
A=—h nn (19)
2711 Y12 e Yin —h™%a11 Vingy2 e Y12n
Y21 2722 T V2n Y2n+1 —h_2G22 T Y22n
L Tnl Yn2 s Q’Ynn Ynn+1 Ynn+2 tee _h_2ann ]

On the other hand, we know that £y, is a first order operator iff A is a diagonal field of matrices.
In this case, if ¢ = b — fda, then £j(u) = (c,Vu) + qu and hence the study of second order
difference operators of the form —div (AVu) + (b, Vu) 4+ g u where b is a homogeneous flow, includes
the study of first order difference operators of the form (c, Vu) + qu, where c is an arbitrary
homogeneous field. Moreover, we have that Ly, is a first order difference operator iff it is associated

2n
1
with the difference scheme Lj(u)(z) = qu(x) + E V; (u(m) — u(xj)), where v; = 72 (aj; — hbj)
i=1

1 .
and Yn4; = 72 (ajj +hbj), j=1,...,n.

Proposition 4.1 The following properties hold:
i) Lp is a quasi-symmetric scheme iff A is symmetric. Moreover, Ly, is a symmetric scheme iff
A is symmetric and in addition, b = 0.

it) Ly is a non negative scheme iff ¢ > 0, A is a Z-field and rp > —hb for h small enough. In
particular, when Ly, is a non negative scheme, then rj(h) + rppj(h) >0, j =1,...,n and
da > hlb|, for h small enough.

i) If }lbin%] hb =0, then Ly, is of positive type iff ¢ > 0 and A is a s.d.d. M-field.

i) If b= 0, then Ly, is a scheme of non negative type iff ¢ > 0 and A is a d.d. M-field.

v) If Ly is a quasi-symmetric scheme then it is of non negative type iff ¢ > 0 and A is a
symmetric d.d. M-field with rpn > h|b|.

Proof. (i) The scheme L}, is quasi-symmetric iff a;,4; = an44j and a;; = aj;, for all4,j =1,...,n,
that is, iff A is symmetric. Moreover, in this case 7; = 7,4, and hence from the two last equations
of (16), we obtain that h%(y,4; — ;) = 2hb;. So, Ly is symmetric iff A is symmetric and b; = 0,
forall j=1,...,n.

(ii) It is straightforward from the nonnegativity definition and the previous relations.
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(iii) If the scheme is of positive type, then A is a Z-field. Moreover, as }lllm hb; = 0, from

—0

identities r; + hb; = Yntj and rpy; — hb; = y; we get that there exists C' > 0 such that h%y; > C
for all j = 1,...,2n and for all h small enough iff there exists C' > 0 such that 7;(h) > C for all
j=1,...,2n and for all A small enough.

(iv) In this case r; = h*y,4; and 7,45 = h%y;, j = 1,...,n, so the conclusion follows directly.

(v) If Ly, is a quasi-symmetric scheme, from part (i) A is symmetric, which implies that r; = 7,45,
j=1,...,n. Now, L}, is a scheme of non negative type iff ¢ > 0, a;; < 0 for all ¢,7 =1,...,2n
with ¢ # j and r; > hlbj], j=1,...,n. |1

Again the scheme L£;, would be consistent if the coefficients of matrix A and vector b verified
some conditions. On the other hand, when K = 0 or equivalently, when L is a first order differential
operator, we will consider only first order difference operators or equivalently, A will be a diagonal
field of matrices.

Next, we describe these conditions by using identities (3) to (6) and the expression of b and A
in terms of the coefficients of the scheme given by identities (18) and (19), respectively.

When m = 1, equations (3) can be rewritten as

¢ =ko—q, h¢;=k;—2b;, j=1,...,n (20)

When m = 2, equations (4) can be rewritten as

hqu? = 2ajj — ajn+j — an+jj — ijj, ] =1,...,n, (21)
Wit = aij + aji — aintj — antig — 2k, 1<i<j<n.
When m > 3, equations (5) can be rewritten as
W2k = —2hb; + (2571 = 1) (ajngj — anijj), kodd, j=1,...,n,
(22)
h2¢§ = 2ajj — (Qkil — 1) (ajn+j + an+jj), k even, j = 1, ey,
whereas equations (6) can be reformulated as
—Qjj — Qj; — Qintj — Antij, if k :2’/“, l:28, s = 1,...,7"— 1,
Qij + Gj; — Qintj — Gntij, if k=2r,l=2s—1,s=1,...,r,
Ryt = (23)
Qij — Gj; + Qintj — Gn+ij, if k=2r—1,1=1,...,7r—1,
—Qj +aji + Gin+j — On+ijs ifk=2r—1,1l=mr ... ,2(7" — 1),

foreach k=3,...,m,l=1,...,k—1and 1 <i < j <n. Therefore, Proposition 2.1 becomes in
the following result.
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Proposition 4.2 Consider m > 1, suppose that K = 0 when m = 1 and that the following
conditions are verified

Qij, hbkEO(hs), k=1,....,n, 4,57=1,...,2n,
P €O, ¢gfeOm™"), k=1,....,m, j=1,...,n,

Y teo(rF), k=2,...m, I=1,...,k—1, 1<i<j<n,

where r >0 and s > 1 —m. Then, the scheme Ly, is consistent of order min{r,s +m — 1}.

Identities (20) to (23) form a system with 1 + 2n(n + 1) unknowns and 1 + mn + (3)(%)
equations, in which the functions ¢°, {qﬁ?} and {@Z)ﬁ?il} are the data. Moreover, when K = 0 we
add the condition A is diagonal, that is the identities a;; = 0 when @ # j.

So, when K # 0, if 1 < m < 3 the system is compatible and indeterminate whereas if m > 4, it
will be necessary to add compatibility conditions. On the other hand, when K = 0, if m = 1 the
system is compatible and indeterminate whereas if m > 2 it will be necessary to add compatibility
conditions.

If m =1, the solutions of the system are given by
ki h .
q:k0_¢07 bjzgj_g(b]la .7:17"'7n (24>

and therefore 0 < s < 1, since in this case k # 0.

If m = 2, the solutions of the system are given by

ki h
_ 0 L AN | L
q_k0_¢7 b]_ 92 2¢]7 j_]-)"'7n7
1 h? )
aj; = 3 (@jn+yj + an+jj) + kj; + > jz, j=1...,n, (25)
aji:aerj—i—anHj—aij—i—iji—i—hQ@biljl, 1<i<y <n.

Therefore, when K = 0 the system is compatible only when 11)1-1].1 =0,1<1<j < n, since in
2

h
this case A must be diagonal, and in this case aj; = ol <z5]2~ € O(h"), j = 1,...,n, which implies

that s = min{1,r}. On the other hand, when K # 0 necessarily —1 < s < 0 and the system is
compatible and indeterminate.

If m = 3, the solutions of the system are given by

ki h .
q=ko—¢°, bj:EJ_gqbgl'v j=1,...,n,
h R 9 3y .
ajj :kjj+gkj+an+jj_€(¢j =3¢ —¢5), j=1,...,n, (26)
h h? )
Qjntj = 3 ki + antjy = = (95 — 6)) j=1....n

18



and by

h? .
aij = kij + angij + 5 (Vi +957), 1<i<j<n
h? .
aji:kij+an+ij+?( iljl—i-w?jl), 1<i<ji<n (27)
P g hj 12 21 l<ici<
zn+]—an+z]+2(ij +¢ij)7 <t r<jgypsn.

When K = 0 these conditions imply that the system is compatible only when 1/1}]-1 = }]2 = %1 =0,

1 h2
1<i<j<nand gi);’ =5 (hgbjl-—kj),j =1,...,nand hence r = 2. In this case aj; = ?QZ)? € O(h?)
and hb; € O(h), j = 1,...,n, which implies that s = 1. On the other hand, when K # 0 necessarily
—2 < s <min{0,r — 1} and the system is compatible and indeterminate.

Definitely, when 1 < m < 3 the coefficients of the field of matrices A and the flow b depend on
the choice of ¢, {gbjl-, jQ-, gb;’ 71 and { iljl, 2-1]-2, ngl}Kj (and at least on the parameters {an4;}i<;j.)
In any case consistency implies that b = 0 iff k = 0 and ¢1 = .-+ = ¢ = 0 and also that b € O(1)
and hence flgno hb = 0.

In the following propositions we summarize the above results and study what difference schemes
are consistent with first or second order differential operators. In what follows we denote by k and
by ¢! the homogeneous flows determined by k and by ¢! = h(¢?, ..., ¢L), respectively.

Proposition 4.3 Suppose that K = 0, that is, L(u) = (k, Vu) + kou, where k # 0 and consider the
difference operator Lp(u) = (c, Vu) + qu, where c is an homogeneous vector field and q € C(V},).
Then Ly, is a consistent scheme iff there exist ¢°, ¢* € O(R"), r > 0 and a € O(h*™1), s > 0, the
homogeneous field determined by a € IR*™ where aj = anyj, j=1,...,n, such that q = ko — ¢° and
c=a+ % (k — ¢Y). Moreover, the order of consistency is min{r, s,2} and 2 is the greatest order of
consistency.

Proposition 4.4 Suppose that L(u) = —div (KVu) + (k, Vu) + kou with K # 0 and consider the
difference operator Lp(u) = —div (AVu) + (b, Vu) + qu, where A is a field of matrices, b is a flow
and q € C(Vy,) . Then Ly, is a consistent scheme iff one of the following properties holds:

i) There exist My, My, M3 € O(h*), s € (—1,0], ¢*, ¢*,® € O(h"), r >
0 b= 1
2

0, where My, My, ® are
symmetric and Ms is skew-symmetric, such that ¢ = ko — ¢°, k —

(k— ¢') and

3 (My + My + M) My

+
M, 5 (My + My — Ms)

A:[K 0 "

0 K

Moreover, the order of consistency is min{r,s + 1} <1, at least.
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it) There exist M € O(h®), s € (=2, min{0,r —Al}],A¢0,¢1,<I>,h\I/ € O(h"), r > 0, where M, ®
are symmetric such that g = ko — ¢°, b = % (k — ¢') and

| K 0 M M D 2D d+V U4
A‘lo K]+[M M}‘lo D]Jr 0 +u (29)
where D 1s the diagonal matrixz whose non null entries are %(h(ﬁ} —kj), j=1,...,n. More-

over, the order of consistency is min{r,s + 2} < 2, at least.

In any case, L is a selfadjoint differential operator iff }llirr(l) b=0.

Corollary 4.5 A second order differential operator L(u) = —div (KVu) + (k, Vu) + kou, has con-
sistent schemes that are first order difference operators iff K is a diagonal matriz. Moreover
Ly (u) = —div (AVu) + (b, Vu) + qu is one of them iff ¢ = ko — ¢°, b =1 (k — ¢') and

[ e )

where ¢¥, p1, ® € O(R"), r > 0 and ® is a diagonal matriz. In addition, if c = —% da + % (IA< — ggl),
then Ly (u) = (c, Vu) + qu and its order of consistency is min{r,2}.

If we take » > 2 and s = 0, Proposition 4.4 (ii) assures the existence of difference operators
that are 2-consistent schemes. However, unlike the first order differential operator case, the above
proposition does not exclude that difference operators of greater order of consistency could be built.
Of course, to analyze this situation we must consider m = 4 and r > 2 and moreover, we must add
to the identities (26) and (27) the equations (22) and (23) corresponding to the derivatives of order
4:

h2¢? = 2ajj — 7(ajn+j + an+jj), j=1...,n,

W22 = W23l = aij + aji — Gintj — anpig, 1< <j<n, (30)
—h2Y7? = aij + aji + Gingj + antij, 1<i<j<mn,
where qﬁ?, 13 ?]-2 € O(h™*) for each 1 < i < j < n. Then, the second equation of (21) and the

©J
second equation of (30) imply that k;; = hzgl)ilj3 - hzz/)iljl € O(h"2) and hence the system only can

be compatible if k;; = 0 for each ¢,5 = 1,...,n, i # j and then necessarily %’1]3 = Z-ljl. Assuming
this condition we get that the solution of the system is given by
ki h

_ 0 N

a=ko— 0" b =" - o),
aj; = ghis + 15 (767 = 0)), gy = 2+ £k — ﬁ(%} — 67 — 267 + 6}), (31)

kij h h? 1 2 3 4
On+jj = % - gkj + 5(2% + ¢j — 295 — ¢j)a
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for all j =1,...,n, and by

h2

h? 12 21 22 11 12 21 22
Qij = Z<¢U + ¥ — vij — i >, aji = Z(%] — Y5 + Ui — Ui >7

(32)
h? h?

Ain+j = 71( 21]1 o zlj2 - 12]1 + '(/}1232)7 An+ij = 71( 2131 + ¢11]2 + ¢z231 + %2]2)7
for all 1 <7 < j < n. In this case, the coefficients of the field of matrices A and the flow b are

uniquely determined by the data ¢°, {(;5? 1 k=1,...,4 and {zp}jl, 1-1]-2, Z-le, 1/11'23'2}z‘<j~

Proposition 4.6 Suppose that K, the matriz of leading coefficients of L is diagonal and non null.
Consider g = ko — ¢°, b = % (k — ¢') and A the field of matrices determined by

A_}?K K | 0 D|
6| K 7K -D 0

D-®-V+0¥+0 D+d-—U -Vt 10O

Z 2 33
D+d+9+0¥4+0 D—d4+TV-U'+0 (33)

where ¢°, ¢, ® WU, K20 € O(h"), r > 2, ®,0 are symmetric matrices and D and D are the
diagonal matrices whose non null entries are %(hqﬁjl — kj) and —% ®,i, j = 1,...,n respectively.
Then, the difference operator Ly(u) = —div(AVu) + (b, Vu) + qu is a consistent scheme of order
min{r,4} and 4 is the greatest order of consistency. In particular, L, is always a second order

difference operator.

Proof. Asr > 2, by applying identities (31) and (32), necessarily s = 0. Therefore, from Propo-
sition 4.2, the order of consistency of L is min{r, 3} at least.

To know if £ has a more greater order of consistency we must consider r» > 3, take m = 5 and
add to identities (31) and (32) the following equations

hz(ﬁ? = —thj + 15(ajn+j - an+jj), 7=1,...,n, }
P =yB =gl el =y =yl 1si<jsn,

that correspond to the derivatives of order 5. Therefore h5¢i134, h%}?jl, h52/)i2;’, h5¢%2 € O(h™?) and
replacing the value of the coefficients given in (31) in the first equation of (34), we obtain that qﬁ?

is uniquely determined by the expression

(34)

h¢? = 4k; — 4h¢j +5he3, j=1,...,n,

which implies that h5<;5§? € O(h*) since r > 3. In conclusion, £;, has order of consistence min{r, 4}
at least.

Suppose now that r > 4. We must take m = 6 to know whether or not £; has order of
consistency greater than 4. From (22), the new equations that we have to add are

hzd)? = 2a;; — 3(ajnyj + antjj), J=1,...,n
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where ¢? € O(h™9) to assure consistency of order r. Replacing the value of the coefficients of the
scheme given by (31) in the above equation we obtain that

h?¢S = —8k;; — 4h*¢5 +5h%¢j, j=1,...,n,
which imply that necessarily kj; = 0 for all j =1,...,n.

Finally, if £}, was a first order difference operator, necessarily a,4j; = 0 and hence from equation
(31),kj=0,j=1,---,n. 1

We have shown that any differential operator with constant coefficients admits 2-consistent
difference schemes with constant coefficients, but only those second order differential operators
which leading coefficient matrix is diagonal have schemes of higher order of consistency. Our
next objective is to characterize the differential operators with constant coefficients that admit
consistence difference schemes which are also symmetric or positive. In addition, we wish to obtain
all difference schemes with the above properties.

From Proposition 4.1 it is clear that each difference scheme consistent with a first order differ-
ential operator is in fact a quasi-symmetric scheme, since any diagonal field of matrices is block-
isotropic. So, all difference operators verifying the conditions of Proposition 4.3 are quasi-symmetric
consistent schemes. In addition, they can not be symmetric. Next we summarize these results.

Proposition 4.7 Fach first order difference operator that is consistent with a first order differential
operator is a quasi-symmetric but not symmetric scheme and 2 is the greatest order of consistency.

Now, we look for quasi-symmetric consistent schemes for second order differential operators. As A
needs to be a symmetric matrix to ensure quasi-symmetry, expression (28) must be rewritten as

A:[K 0], M M]Jrl@ 017 (35)

0 K M M 0 @

where M = My = M.

On the other hand, imposing the quasi-symmetry condition to the expression (29) we obtain
that ¥ = D and hence (29) is rewritten as (35). Moreover, if k # 0, necessarily r = 2.

Finally, when K is a non null diagonal matrix, imposing the quasi-symmetry condition to the
expression (33) we get that D = 20 and hence k = 0 since r > 2. Moreover, expression (33) is
rewritten as
_1[7}{ K]_[ﬁ—@—F@ D+®+0 (36)

A= - - .
6| K 7K D+®+0 D-®+06

The following result is obtained straightforwardly from Proposition 4.4 by imposing the above
condition.
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Proposition 4.8 Suppose that K # 0 and consider Ly(u) = —div(AVu) + (b, Vu) + qu, where
1 . .
g=ko—¢°, b= 5 (k — @b and A is the field of matrices determined by

A K 0 n M M n d 0

| 0 K M M 0 @
and where ¢°,¢', ® € O(h™),r >0, M € O(h*),s € (=2,0] and ® and M are symmetric matrices.
Then, Ly, is a quasi-symmetric consistent scheme of order min{r, s+2} and when k # 0, the greatest
order of consistency for this type of schemes is 2. Moreover, L has symmetric consistent schemes

iff it is selfadjoint. In this case, if K is a diagonal matriz and matriz A verifies expression (36),
then Ly, is a symmetric consistent scheme of order min{r,4}.

Next, we analyze a very special case of Propositions 4.7 and 4.8 in which the field of matrices
A is isotropic, that is there exist a1, a2, a3 such that aj; = a1, ajni; = angj; = a2, j = 1,...,n,
and a;; = ag, otherwise. This kind of difference schemes were studied in [2].

Proposition 4.9 The differential operator L has consistent schemes such that A is an isotropic
field of matrices iff L(u) = —alAu + (k, Vu) + kou, with a € IR. Moreover, the difference operator
Ly, is one of them iff there exist ¢ € O(R") with r > 0 and az,a3 € O(h®*) with s € (—2,0], such

that

10 n 1 1 J J

o1 |T® 11 JJ |
where I is the identity matriz and J is the matriz whose entries are all equal to 1. In addition,
as = a3z = 0 when a = 0.

A=(a+9¢) + as

Proof. If L is a first order differential operator, that is, L(u) = —aAu+ (k, Vu) + kou with a = 0,
then from Proposition 4.3 all consistent difference schemes are given by the choice of a diagonal
field A € O(h*) with s > 0. So, A is isotropic iff a;; = a1 € O(h®), for all j =1,...,n.

Suppose that L is a second order differential operator and that Ly is a consistent scheme where
A is an isotropic field of matrices. Hence as A is a symmetric matrix, expression (35) must be
verified, which imply that (a1 — a2)l — K € O(h"). Taking limit when h — 0 we obtain that
K = al where a = flbli»% (a1 — a2). The converse can be deduced from the above results keeping in

mind equations (35). 1

Now we will deal with consistent schemes of non negative or positive type. From Proposition
4.1 (ii), Lp(u) = —div(AVu) + (b, Vu) + qu is of non negative type iff ¢ > 0, A is a Z-field
and ra > —hb and hence da > h|b|. In particular, when L is a first order difference operator
then Lp(u) = (c,Vu) + qu where ¢ = b — 3 da and the last condition is equivalent to ¢ < 0.
Moreover, consistency implies that at least equalities (24) or (25) must be verified and hence
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ko = }llirr%)q > 0. So, non negativity and consistency imply that kg > 0, a;; <0, 4,5 = 1,...,2n,

1# j and rp > % (gzgl - 12) In particular, it is also verified that da > % |¢A51 — IA<|

Proposition 4.10 If L is a first order differential operator, then L has consistent and non negative
type schemes iff kg > 0. In this case, the mazimum order of consistency is 1 and none of them is of
positive type. Moreover, if ¢ is an homogeneous vector field and g € C(V},), then Ly (u) = (¢, Vu)+qu
is a consistent scheme of non negative type iff there exist ¢°, ¢* € O(h™), r > 0, and a € O(h*~1),
s € (0,1], the homogeneous field determined by a € R*", verifying that ¢° < 0 when ky = 0,
ajj = Qnijntjs § = 1,...,n, =k — @Y, —a > % |g51 - I2| and c =a+ % (IA< - q@l) In addition, the
order of consistency of Ly, is min{r, s}.

Proof. If L has consistent schemes of non negative type, necessarily ky > 0. Conversely, if kg > 0,
then for any ¢ € O(h"), we have that ¢ = kg — ¢° > 0 for h small enough, whereas if kg = 0 then
q>0iff ¢ <0.

From Proposition 4.3, the difference operator £;,(u) = (c, Vu) 4+ qu, where c is an homogeneous
vector field and ¢ € C(V},) is a consistent scheme iff there exist ¢°, ¢! € O(h"), r > 0 and a €
O(h*™1), s > 0, the homogeneous field determined by a € IR*" where aj; = Qnijnyj, J = 1,...,n,
such that ¢ = kg — ¢ and c = a + % (12 — gzgl) Moreover, Ly, is of non negative type iff ¢ < 0, that
is, iff —a > % \¢21 — IAd, which implies that s < 1 and hence the order of consistency is min{r, s,2} =
min{r, s} < 1.

On the other hand, as %iné h2c(h) = 0, L}, can not be of positive type. 1

The following result, related with non negative schemes for second orden differential operators,
is well known.

Proposition 4.11 Second order differential operators do not have consistent schemes of non neg-
ative type of order greater than 2.

Proof. We know that if a second order differential operator has a r-consistent scheme with r > 2,
necessarily its leading coefficient matrix, K, must be diagonal. Therefore, suppose that this is the
case and that £p,(u) = —div(AVu) + (b, Vu) + qu is a non negative consistent scheme with order
of consistency greater than 2. Then, by applying Proposition 4.6, A is determined by

a1 [ K K ] B [ 0 D ] | D-2-V4+9'+0 D+O-T-T' 10

6| K 7K -D 0 D+d+V+0+0 D-—d+U -0Vt 4+0

where ¢!, ®, h¥, h20 € O(h"), r > 2, ®, O are symmetric matrices and D and D are the diagonal

matrices whose non null entries are % (h(bjl» — k;) and —% ®;;, 7 =1,...,n respectively. Therefore,
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K K
; 1
%li%A(h)_G[ K 7K

coefficients which implies K =0. 1

] . On the other hand, A must be a Z-matrix with non negative diagonal

At the sight of the above result, when L is a second order differential operator we can suppose
that the difference operator

Ly (u) = —div (AVu) + (b, Vu) + qu

determines a consistent scheme with order of consistency lower or equal to 2 and therefore the
function ¢, the vector b and the coefficients of matrix A must satisfy the conditions of Proposition 4.4
(i), at least. The following proposition characterize those differential operators that have consistent
difference schemes of non negative type. For n = 2, this results was obtained by D. Greenspan and
P.C. Jain, [5].

Proposition 4.12 If the operator L has consistent schemes of non negative type, then kg > 0 and
its matrixz of leading coefficients K is positive semidefinite and diagonally dominant, that is

n
]{3020 and kjj22|k‘ﬂ|, jzl,...,n.
i=1

i

Moreover, the converse holds when L is self-adjoint.

Proof. If L admits a consistent scheme of non negative type, necessarily kg > 0. Moreover, there
exist My, My, M3 € O(h®), s € (—1,0], ¢°, ¢*,® € O(h"), r > 0, where My, M, ® are symmetric
and M3 is skew-symmetric, such that ¢ = kg — ¢°, b = % (k — ¢') and

A= K 0 I %(Ml—i-Mz—l-Mg) M, d 0
10 K Mo +(My + My — Ms) 0 @ |

From Proposition 4.1 (ii), as L, is of non negative type, then ¢ > 0, A is a Z-field, ra > —hb and
hence My, My < 0. Moreover from the above equality we have that

aj; = kjj+ @5+ 3 (ajnrj+ansjj), j=1....n,
aij +aji = 2(kij + Pij) + Gintj + antij, 1 <i<j<n,
which implies that
kij+®55 >aj;, j=1,....n, 2lkjj + ®i| < —(aij + aji + Gintj + angij), 1 <i<j<n.

Therefore,

n
QZ |k’@'j—|—<1>ij’ < QjjtQin+j =T+ Q55+ Anyj5—Tntj < 2ajj—(1"j—|—rn+j) <2 (kjj+q)jj)a j=1...,n.

=1

i#]
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The result follows by taking limits in the above expression.

To prove the converse when L is self-adjoint, it is suffices to choose le =0, Mg =® =0
and M7 = My = —K ™, where K stands for the matrix with zero diagonal entries and whose off
diagonal entries are given by %(k‘m + |kij|), @ # j. Then A is a d.d. M-field and the conclusion
follows from Propositions 4.1 (iv) and 4.4 (i). 1}

Under the hypotheses of the above proposition, if £} is a consistent scheme of non negative
type then conditions kj; + ®;; > a;; > 0 and r; + hb;, r,; — hb; >0, j =1,...,n imply that

kjj + ®;; + hb; > —ajny; > 0, kjj + ®;; — hbj > —an14; > 0, 1,7=1,...,n,
kj; + ®;; + hbj > —aj; > 0, kj; + ®;; — hbj > —a;; > 0, 1 <1<y <n,

and hence A € O(1). In addition, when L is a self-adjoint differential operator with positive
semidefinite and d.d. leading coefficients matrix, the difference scheme built in the proof of the
above proposition, that is —div (AVu) + qu where A is determined by

| E-Kt -kt
~| -Kt K-K*

is, in fact, a 2-consistent symmetric scheme.

Proposition 4.13 The operator L has consistent schemes of positive type iff kg > 0 and its matrix
of leading coefficients is positive definite and strictly diagonally dominant, that is iff

n
ko >0 and kjj>zykji‘7 j=1...,n.
o
Moreover, consider M € O(1), ¢°, ¢, ®, h¥ € O(R"), r > 0, where M,® are symmetric matrices
and ¢° is non negative when ko = 0, the function ¢ = kg — ¢°, the flow b = % (k — ¢1), the field of
matrices A determined by

A K 0 n M M| | D 2D n O+U U4+ U
| 0 K M M 0 D 0 o + Wl
where D is the diagonal matriz whose non null entries are %(hgbjl —kj), 3 =1,...,n and the

difference operator Ln(u) = —div (AV)+ (b, Vu) 4+ qu. Then, if K is a positive definite s.d.d matriz
the following properties guarantee that Ly, is a min{r, 2}-consistent scheme of positive type:

: . L 1 :
i) If lim M(h) < —K* and %%;mﬂ(h) > —ii;kﬁ, j=1,...,n.

26



n 1 n
i) fM < —-KT, ®<0,¥<D and}lliir%)z:mﬂ(h) > —521% j=1,...,n.
=1 =1

Proof. As any consistent scheme of positive type is of non negative type, by using the same
notations that in above proposition we get that

n
22]/@;‘ + @il + 1+ g <2(kj+P45), j=1,...,n.
B
Moreover, Proposition 4.1 (iii) assures that positivity implies 7; > C' > 0, j = 1,...,2n. Therefore,
f:l |kij + @3] + C < kj; + P45, 7 = 1,...,n and the result is again obtained by taking limits when
i
h — 0.

To prove the only if condition it suffices to prove (i) or (ii). Firstly we observe that as K is
n

s.d.d. then it is verified that — Z (k:ji + |k:ﬂ]) —I—Z kji = kjj — Z |kji >0, forall j =1,...,n and
i=1 i=1

=1

i#] B i
hence we can choose matrices M € O(1), such that M(h) < —K™* and verifying the inequalities
n n n
=2 ki <23 limmyi(h) < =3 (kji + kjil), =1,
i=1 =1 i=1

On the other hand, under the established conditions, Proposition 4.4 (ii) assures that L, is
a min{r, 2}-consistent scheme and, in addition ¢ > 0. Therefore by Proposition 4.1 (iii), £} is a
positive scheme iff A is a s.d.d. M-matrix.

In both cases (i) and (ii), all off diagonal coefficients of A are non negative for h small enough
n

and %in%] ri(h) = }Ilir%rnﬂ-(h) = kj; + 2}1}11}) > mji(h) >0, j =1,...,n. Therefore, A is a s.d.d.
— —> —0,;=1

M-matrix and the conclusion follows. |1

The above proposition together with Proposition 4.8 leads to the following result.

Corollary 4.14 Suppose that ko > 0 and kj; > Z \kij| and consider M € O(1), ¢°, ¢!, ® € O(R"),

i=1

it
r > 0, where M,® are symmetric matrices and ¢° is non positive when kg = 0, the function
q=ko— ¢°, the flowb = % (k — ¢1), the field of matrices A determined by
A K 0 + M M + ® 0
| 0 K M M 0 @
and the difference operator Lp(u) = —div(AV) + (b, Vu) + qu. Then, the following properties

guarantee that Ly, is a quasi-symmetric and min{r, 2}-consistent scheme of positive type:

27



. : L 1 & .
i) IfiILIL%M(h) < —K* and }lllirb;mﬂ(h) > _§;kﬂ"] =1,...,n.
. . 1 & ,
i) f M < —KT, ®<0 and%%;mﬁ(h) >—§i§::1k:ﬁ,j:1,...,n.

The above corollary together with Proposition 4.9 describe when L has isotropic and consistent
schemes of positive type.

Corollary 4.15 The differential operator L(u) = —alAu+ (k, Vu) + kou has consistent schemes of
positive type iff a > 0 and kg > 0. In this case, L has isotropic consistent schemes of positive type.

We conclude this section analyzing under what conditions £ is a consistent scheme such that
—div (AVu) is the Laplace-Beltrami operator with respect to the metric tensor A~!. In this case,
Ly is a quasi-symmetric scheme, since A is a symmetric field. Moreover Propositions 4.7 and 4.8

imply that
K 0 M M ® 0

where M and ® are symmetric. Therefore, if x,y € R™ and 2z = (z,y)!, then

(Az,z) = (Kz,z) + (Ky,y) + (Mz,x) + (My,y) + 2 (Mx,y) + (Px,z) + (Py, y). (37)

Proposition 4.16 The differential operator L admits consistent difference schemes Ly, such that
A is a metric tensor iff L is a semi-elliptic operator, that is, K is a positive semi-definite matrix.

Proof. If L is a first order differential operator, then K = M = 0 and ® is a diagonal matrix.

HenceA:l(I) 0

0 @ ] and it would be enough to choose ®;; > 0, so that A would be a metric

tensor.

Suppose that L is a second order differential operator and consider z € R" and z = (z, —x)".
Then, identity (37) implies that (A(h)z,z) = 2 ((K:c,:n) + <<I>(h)x,m>) and hence 2 (Kx,z) =
%irrB(A(h)z, z). So, if A is a metric tensor we conclude that (Kxz,x) > 0 and therefore K is positive
semi-definite.

Conversely suppose that K is a positive semi-definite matrix and choose M symmetric and

positive semidefinite and ® symmetric and positive definite. Then, identity (37) and Cauchy-
Schwarz inequality imply that

(Az,2) > (\/(Ma,2)—\/(My, ) )2+<<I>w7x>+<®y,y> > (Oz,2)+(Dy,y) >0, z=(z,9)", 2#0
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and hence A is a metric tensor. 1

Observe that when L is an elliptic operator we can obtain a more wide range of consistent
schemes such that A is a metric tensor that those given in the above proof. Specifically, consider
A and A(h) the lowest eigenvalues of K and M (h) respectively. Identity (37) and Cauchy-Schwarz

inequality imply again that (Az,z) > ()\ + - ]5\]) |22 + (®x,z) + (Py,y). In conclusion, if M
. A
verifies that A > —5 then A is positive definite for all h small enough.

Finally, we consider the case of isotropic schemes. In this case, by Proposition 4.9 we know that
necessarily L(u) = —alAu + (k, Vu) + kou with a > 0 and A is the field determined by

rol, (o], 7
o 7|2l | B g g

where ¢ € O(h"), r > 0 and ag,a3 € O(h®), s € (—2,0]. Then A is a metric tensor iff it is true that
az + nmin{0, ag} > —%, for h small enough. This condition had been already obtained in [2].

A=(a+9¢)

5 Some widely used schemes

To end the paper let us show the field of matrices and vector fields that determine the difference
schemes most commonly used, see for instance [4, 12, 13]. Moreover, we will suppose from now on
that the data ¢°, ¢! and ® are null since this hypothesis does not restrict the order of consistency
of the schemes that will be considered.

Firstly we consider the first order differential operator L(u) = (k, Vu) + kou, where k # 0. By

Proposition 4.3, all consistent schemes with L have the expression £p,(u) = (c, Vu) + qu, where
k

q=ky,c=a+ 3 with a € O(h*™1), s > 0, the homogeneous field determined by a € IR?" where

a;j = an4j, j = 1,...,n. Moreover, by Proposition 4.7 £}, is a quasi-symmetric but not symmetric

scheme which order of consistency equals min{r, s, 2}.

In addition, L has consistent and non negative type schemes iff kg > 0 and applying Proposition
4.10, Ly, is of this type iff s € (0,1], —a > £ |k|. In this case the order of consistency of £y, is min{r, s}
and Ly, is not of positive type.

The natural choice, a = 0, r > 2, leads to a centered difference scheme that is a 2-consistent
scheme,

Lh( 1h§ ( fu(xnﬂ-)) + ko u(z).

The choice, a; = =%, j = 1,...,n, r > 1, leads to a backward difference scheme that is a 1-
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consistent scheme,

Lu(w)(e) = 7 Dk (u(w) — ulwnss)) + hou(a).

B

Loj =1,....n, r > 1, leads to a forward difference scheme that is a

The choice, a; = +,

1-consistent scheme,

% XZ: ( (:L‘)) + ko u(x).

Consider now the sets I = {j : k; > 0}, I~ = {j : k; < 0} and suppose that » > 1. Then
the choice a; = %, jeEIT aj = —%, j € I~ leads to the upwind difference scheme that is a
1-consistent scheme and of non negative type when ko > 0,

Z k; ( ) Z k; ( —u(ﬂsnﬂ-)) + ko u(x).

]6]4r ]GI*

We consider now the difference schemes that are consistent with the second order differential
operator L(u) = —div(KVu) + (k, Vu) + kou, K # 0. Moreover, we will only deal with difference
schemes of the greatest consistency order, that is, with order of consistency at least 2. In addition,
we can look for quasi-symmetric schemes, since from Proposition 4.8 this condition does not suppose
any restriction on the order of consistency, except when K is diagonal and k # 0. On the other
hand, this type of schemes are the most considered in the literature. Thus, we suppose that
Lp(u) = —div (AVu) + %(IA(, Vu) + kou, where A is the field of matrices determined by

K+ M M

A= M K+M

with M = (m;;) a symmetric matrix. Then, from Proposition 4.8, L}, is a 2-consistent quasi-
symmetric scheme and when k # 0, 2 is the greatest order of consistency for this type of schemes.

Moreover the scheme £, has the following expression that corresponds to replace all derivatives
by centered differences,

L)) = Z (3 ks + 2mi) (2u(z) — ) — u(ns))

=1
o i2 i ( u(xw) (xn+zn+])) % i (klj + m”)( ( ) (:EjnJrZ))
1<i< i,j=1
i#g
# Z My (2“( ) (z5) (xnﬂnﬂ)) + % Z k; ( (z5) — U(wnﬂ)) + kou(z)
j=1
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In particular, the choice M = 0 leads to a generalization of the standard difference scheme, see for
instance [13, pp. 286-288],

=1 =1
1 n
~ 3 Z kij (2u(x) — u(Tjnti) — U(xmﬂ')) (38)
1<i<j<n
1
j=1

that is of positive type iff kg > 0 and K is a symmetric and s.d.d. M-matrix.

Other difference schemes that one can find in the literature correspond to the choice m;; = 0
and mi; = —k‘ij, i,j = 1,...,n,i7£j,

1 n
Lrlw)(@) = 15 (kis = D ki) (2u(e) = u(ay) - u(wnsy))
=
1 n
oz 2 Ru(2u(e) ) - w(znsinss)) (39)
1<i<j<n
1 n
+ 5 ; by (ula;) = wl@nts)) + kou(w),
. 1/ kjj o . .
and to the choice m;; = 0, m;; = 3 <n— 1 + kij)a hj=1,....ni#],

Co(w)(@) = s zn: ( hii iy ) (4u(@) = w(@sg) = W@ntings) = w(@jnts) — w(@ing,))

(40)
Moreover, the scheme (39) is of positive type iff kg > 0 and K is a non negative and s.d.d. matrix,
whereas the scheme (40) is of positive type iff kg > 0 and kj; > (n — 1) |ki;|, 1 <@ < j < n, which
in particular implies that K is a s.d.d. matrix.

To finish we consider the case in which K is a diagonal matrix. Then, the schemes (38) and
(39) coincide and determine the well-known 2-consistent scheme which is the unique first order
difference operator of this type and the scheme (40) is the cross scheme.
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kii + k‘jj

If we consider m;; = 0, m;; = _12(n —y i,j=1,...,n,1# j, we get the scheme
1 & 1 &
Lau)(@) = 2 D (Shij = ——7 > kis) (2u(e) — uley) — ulwasy)
=t i
1 " ki + ks
IS (P2 (4u(@) = uleig) = ul@nrints) = u(@jnss) = u@ins;))
1 n
+ %gk (w(xy) = w(@nsy)) + kou(w),

that is a generalization of the nine-point scheme for the bidimensional Laplace operator, see [4].
If s is such that kgs = ‘H11in {kj;}, then the above scheme is of positive type iff kg > 0, k;; > 0,
J=1..5n

1 n
S ki
=1

n—1%
i#£s

j=1,...,n, and 5kss >

Finally, when k = 0, the choice M = % K leads to the 4-consistent scheme, see newly [4],
4 n
L0(w)(z) = gy 2 s (20(@) = ul(w)) = ulwnsy))
1 J:}L
- 12R2 ijj (2u($) —u(wj;) — U($n+jn+j)) — kou(x)
j=1

that is not of non negative type.
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